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Abstract. Compact Kahler solvmanifolds are classified up to biholomor- 
phism. A proof of a conjecture Benson and Gordon, that completely solvable 
compact Kahler solvmanifolds are tori is deduced from this. 



In this note, we use the term solvmanifold in a somewhat restricted sense. A 
solvmanifold will be a compact quotient G/Y of a connected simply connected solv- 
able real Lie group by a discrete subgroup. Such a space is a K(Y, 1). Our goal is to 
classify all Kahler solvmanifolds up to biholomorphism. To be precise, we consider 
a Kahler solvmanifold to be a solvmanifold with complex structure and Kahler met- 
ric that are not assumed invariant under the group. (The invariance of the complex 
structure will follow from our theorem.) Complex tori are clearly examples of such 
spaces. Hasegawa |H2| has shown how to construct additional examples by taking 
quotients of suitable tori, and we show that all Kahler solvmanifolds arise this way. 
As a corollary, we prove a conjecture of Benson and Gordon |BG2| that tori are the 
only Kahler solvmanifolds corresponding to completely solvable Lie groups 1 . The 
main new ingredient here is the restriction theorem for polycyclic Kahler groups 
proved by Nori and the author |AN| . 

After the completion of the first version of this paper, I have learned from Alex 
Brudnyi that he had obtained similar results in his 1995 PhD thesis (Technion) and 
subsesquent papers |BrlllBr2] , However the methods are quite different and do not 
yield the analogous result for solvmanifolds which are bimeromorphic to a compact 
Kahler manifolds (theorem 2). 

Let us start by defining a few basic terms and constructions. A solvable group 
G is called completely solvable, or of real type, if all the eigenvalues of images of 
the elements of its Lie algebra under its adjoint representation are real. Given a 
solvmanifold G/Y, the map 

G/[G,G] 
1 ~* im{Y ->G/[G,G]) 
defines a fiber bundle over a torus called the canonical torus fibration in |AS| . 

Lemma 1. The fibers are compact nilmanifolds (i.e. quotients of connected nilpo- 
tent Lie groups by lattices). 

Proof. Since [G, G] is nilpotent 3.11], it lies in the maximum connected nilpotent 
subgroup N. N n Y is a cocompact lattice in A by a theorem of Mostow [M], see 
also |E1 3.3]. Hence [G, G] n Y is also a cocompact lattice in [G, G] [El 2.3]. □ 

A complex torus is a quotient V/L of a complex vector space by a lattice. We 
can identify V with the holomorphic tangent space at 0, and the map V — > V/L 
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with the exponential map. Holomorphic maps of complex tori can always be lifted 
to affine maps of vector spaces |dIJ p. 326]; in particular, maps preserving are 
necessarily homomorphisms. For any compact Kahler manifold A, the Albanese 
torus Alb(X) is a complex torus with real dimension equal to the first Betti number 
of X [GH p. 331]. After choosing a base point x G A, there is a holomorphic map, 
called the Abel-Jacobi map, a : X — > Alb(X) with a(x) = which is topologically 
just the classifying map X — > K(Hi(X,Z)/torsion,l). 

Lemma 2. If a compact Kahler manifold is diffeomorphic to a torus then it is 
biholomorphic to a complex torus. 

Proof. Let X be the manifold in question. Then it follows that the Albanese map 
is a holomorphic diffcomorphism and hence biholomorphism. □ 

When A is a Kahler solvmanifold, the Abel-Jacobi map would coincide with the 
canonical torus fibration. We will make use of this fact later on. 

We give a general method for producing Kahler solvmanifolds along the lines of 
Hasegawa's paper 032;. This method will produce all examples. We will make use 
of the standard description of group extensions using cohomology [B]. 

Construction 1. Let 

o -> z 2m -> r -> z 2 " -> o 

be a group extension such that 

(a) The homomorphism Z 2 " — > GL(2m,Z), associated to the extension, has 
finite image. 

(b) Z 2 " — » GL(2m,Z) extends to a homomorphism R 2 ™ — > GL(2m,M.) of real 
Lie groups. 

(c) There is a complex structure Jq on R 2m invariant under the action of Z 2 " . 

(d) The class of the extension in H 2 (Z 2n ,Z 2m ) has finite order. 

Let V = R 2m ©R 2 ™, and choose complex structure J on it extending Jq. Let Tcg)R 
denote the semidirect product R 2m x R 2 ™ under the action (b). Note that as a sets, 
Y ® R and V are one and the same, nevertheless it is useful to keep a distinction. 
Consider the diagram 



- 


-> z 2m - 


-» r - 


-> Z 2 " - 


o 




I 


1 


1 




- 


4 R 2m - 


-> f - 


Z 2n - 


4 o 



where the left hand square is the "pushout". Assumption (d) shows that the bottom 
sequence splits. Therefore we get embeddings T C Y C V <g> R. TTie quotient X 
: I M)/r is a solvmanifold. Under the identification Y ® M = V, T wzZZ ac< on 
y &?/ complex affine transformations. Therefore X inherits a complex structure. 
We can find, thanks to (a), a Y -invariant Hermitean inner product on V, and this 
descends to a flat Kahler metric on X . Note that different choices of J can yield 
nonbiholomorphic, but diffeomorphic, examples. 

Examples of the above type can be constructed quite explicitly. For instance, 
they include all the hyperelliptic (also called bielliptic) surfaces |H2j . In particular, 
they not all tori. However, they are always quotients of tori by a finite group acting 
freely. This is a consequence of the next lemma which implies that Y contains a 
normal abelian subgroup A of finite index. Then A is a quotient of the complex 
torus V/A by Y/A. 
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Lemma 3. Suppose that T is a finitely generated group which fits into an extension, 

o -> z 2m -» r A z 2n -» o 

Then conditions (a) and (d), above, hold if and only ifT contains a normal abelian 
subgroup of finite index. 

Proof. Suppose conditions (a) and (d) hold. Let A be the preimage in T of A' = 
ker[I? n -+ GL(2m,Z)}. This has finite index. Since H 2 (A',Z 2m ) is torsion free 
[B"]. (d) shows that the sequence 

-► Z 2m -> A -> A' -> 

splits. Therefore A C T is a normal abelian subgroup of finite index. 

Conversely, let A C T be a normal abelian subgroup of finite index. Since 7r(A) 
acts trivially on A n Z 2m which has finite index in Z 2m , it follows that it acts 
trivially on Z 2m . Consequently Z 2n -> GL(m,Z) factors through Z 2 ™/vr(A). Let 
A = 7r _1 (7r(A)) and consider the commutative diagram 



- 


4 Z 2m 


-» r - 


■* Z 2 ™ 


-4 




II 


T 


T 




- 


->• z 2m 


■+ A - 


+ tt(A) 


-» 




T 


T 


II 




- 


4 An z 2m - 


-> A - 


4 TT(A) 


-» 



Since A is abelian, the extension class of the bottom row is 0. The lower left hand 
square is a pushout. Therefore the extension class of the bottom row maps to the 
class of the middle row, and consequently this is also zero. The upper right hand 
square is a pullback. This implies that the extension class e of the top row maps 
to the class of the middle row under the map H 2 (Z 2n ,Z 2m ) -> H 2 (ir(A),Z 2m ). 
This homomorphism is injective modulo torsion, since the transfer map [5] gives a 
splitting after tensoring with Q. Therefore e must be torsion. □ 

Theorem 1. Every Kahler solvmanifold is biholomorphic to one of the examples 
described in Construction 1. 

Remark 1. The theorem is a classification up to biholomorphism not isometry. 
These examples can have nonfiat Kahler metrics, and there does not appear to be 
any sensible way to classify these. 

Proof of theorem. Let T be a cocompact lattice in a simply connected solvable Lie 
group G such that X = G/T has a Kahler structure. By [EJ 4.28], T is polycyclic. 
Therefore |ANI 4.10] implies that T contains a nilpotent subgroup Ai C T of finite 
index. We can find a subgroup A C Ai of finite index which is normal in T. 
A is again nilpotent, thus T = T/A is an aspherical manifold with a nilpotent 
fundamental group. Pulling back the Kahler structure from X also makes T into 
a Kahler manifold such that the projection T — > X is holomorphic. Therefore by 
|BG1I theorem B], T is nomotopic to a torus. Consequently, [Mj theorem A] shows 
that T is diffeomorphic to a torus. Then T is a complex torus by lemma [21 

Consider the Abel-Jacobi map a : X — > A = Alb(X). This is surjective since it 
coincides with the canonical torus fibration. Let f : T —> A denote the composition 
T — > X — » A. We can choose a base point of X so that S T maps to e A. 
Then / : T — > A becomes a homomorphism. Therefore / is a bundle with fiber 
K = ker(f) which is a product of a torus with a finite abelian group. In particular, 
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T — > A is a submersion, which implies that X — » A is also a submersion. Therefore 
the fibers of a are connected Kahler nilmanifolds (lemma^) , and hence tori by |BG1I 
theorem A] or |H1 . It follows also that [G, G] is abelian, and hence isomorphic to 
a Euclidean space (with even dimension). 

The exact sequence for homotopy groups of a fibration applied to a yields the 
extension 

o -> z 2m -» r -> z 2 " -» o 

We have to check that the conditions of construction 1 hold. Properties (a) and 
(d) follow from lemma The action of of G/[G, G] R 2n on [G, G] R 2m gives 
the extension required for (b). Let = R 2m © R 2 ™, T acts on this by real affinc 
transformations. V has a complex structure J coming from the identification of V 
with the tangent space of T at 0. R 2m is invariant under J since it can be identified 
with the tangent space to K at 0. The action of Y on V is holomorphic with respect 
to J, therefore Y acts by complex affine transformations. In particular, the action 
of Z 2rl on R 2m leaves J\g?m invariant, and this completes the proof. □ 

As corollaries, we confirm conjectures of Hasegawa and Benson and Gordon. 

Corollary 1. A Kahler solvmanifold is both a quotient of a complex torus and a 
bundle of complex tori over a complex torus. 

Proof. In the notation of the previous proof, X is quotient of T by T/A. We have a 
submersion a : X — > A. The map T — > X induces a surjective homomorphism from 
if to a fiber of a with a finite kernel H. From this, we can deduce that X — > A is 
a locally trivial bundle with fiber K/H. □ 

Corollary 2. Let X = G/Y be a Kahler solvmanifold with G completely solvable. 
Then X is biholomorphic to a complex torus. 

Proof. The theorem shows that G contains a lattice which is free abelian of even 
rank. At this point, we are in a position to argue as in |TK| . We can apply Saito's 
rigidity theorem [S] to conclude that G is in fact abelian, and therefore that X is 
a torus. □ 

We can prove a slightly stronger result by the same method. 

Theorem 2. The examples given in Construction 1 are the only complex solvman- 
ifolds which are bimeromorphic to a compact Kahler manifolds. 

It is just a matter of going through each step and making sure that everything 
still works. We indicate the main points: 

• The key step that a nilmanifold cannot be bimeromorphic to a compact 
Kahler manifolds unless it is a torus is already supplied by Hasegawa 111. 
This is deduced by showing that a nilmanifold cannot be formal unless it 
is a torus and then applying DGMS . This argument yields a bit more, 
namely a generalization of |BG1I theorem B] , that tori are the only compact 
bimeromorphically Kahler manifolds nomotopic to a nilmanifold. 

• The above discussion about the Albanese carries over to the class com- 
pact bimeromorphically Kahler manifolds without any modification. See 
for example |GPTT1 p. 337] 
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• Since fundamental groups of complex manifolds are invariant under blow 
ups with smooth center, the classes of fundamental groups of compact 
bimeromorphically Kahler manifolds and compact Kahler manifolds coin- 
cide. Thus |ANI 4.10] also applies to the former. 
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